THE MODULI B-DIVISOR OF AN LC-TRIVIAL 

FIBRATION 



FLORIN AMBRO 

Abstract. We study positivity properties of the moduli (b-)divisor 
associated to a relative log pair (A, B)/Y with relatively trivial log 
canonical class. 



0. Introduction 

In this paper we continue the study of Ic-trivial fibrations {X, B)/Y, 
that is, roughly, relative log pairs with relatively trivial log canonical 
class K + B (see |2j). These type of fibrations are expected to play a 
key role in inductive arguments in the (Log) Minimal Model Program. 

Given an Ic-trivial fibration / : (X, B) — ^ Y, there exists a canonical 
decomposition of Kodaira type 

K + Br^Q riKy + BY + My), 

where By and My are Q-divisors on Y, called the discriminant and 
moduli Q-divisors (Kawamata [18, 19j). The discriminant measures 
the singularities of the log pair {X, B) over codimension one points 
of Y, whereas the moduli Q-divisor is expected to define the rational 
map from Y to the moduli space of the generic fibre. As explained 
in [2], the following properties are desirable for applications: Inversion 
of Adjunction and (Effective) Semi-ampleness. Inversion of Adjunction 
(or, equivalently, Shokurov's BP Conjecture ^7\) was established in P]: 
the log pairs {X, B) and (Y, By) have the same type of singularities if 
Y is sufficiently high in its birational class. As for the moduli part, it 
is known that My is numerically effective (nef) if Y is sufficiently high 
in its birational class (Kawamata JH])- Semi-ampleness predicts that 
in fact the linear system |/cMy| is free of base points if k is large and 
divisible and Y is sufficiently high in its birational class. 

The main results of this paper are two partial answers to the semi- 
ampleness of the moduli part: (a) if My is numerically trivial on high 
enough models Y, then My is a torsion Q-divisor f Theorem 13. 5^ : (b) 
if the horizontal part of B is effective and Y is sufficiently high, then 
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there exists a contraction h: Y Z to a projective variety Z and a 
nef and big Q-divisor A on Z such that My ~q h*A f Theorem I3.3j) . 

One apphcation of Theorem 13.31 is a logarithmic version of a result 
of Kawamata |17j (Abundance and Ueno's K Conjecture for minimal 
models with numerically trivial canonical class): 

Theorem 0.1. Let {X,B) be a projective log variety with Kawamata 
log terminal singularities such that K + B = 0. Then 

(1) There exists a positive integer b such that b{K + 5) ~ 0. 

(2) The Albanese map X Alb(X) is a surjective morphism, 
with connected fibers. Furthermore, there exist an etale cov- 
ering A' Alb(X), a projective log variety {F,Bf) and an 
isomorphism 

{X, B) XAib(x) A' ^ [F, Bp) X A' 




A' 



By Theorem 13.31 and Theorem lO.ll fl). we can generalize our main 
result in 0: modulo the Log Minimal Model Program and Log Abun- 
dance for smaller dimensional varieties, the Abundance Conjecture is 
reduced to the case of log minimal models of maximal nef dimension 
(Theorem 14. 3|) . Another application of Theorem 13.31 is a generalization 
of a result of Nakayama [23 (see also Fujita [S]): 

Theorem 0.2. Let (X, B) be a projective log variety with Kawamata 
log terminal singularities, let f : X ^ Y be a contraction to a proper 
normal variety Y and let u be a Q-Cartier divisor on Y such that 

K + Br^Q f*U. 

Then there exists a Q-Weil divisor By such that (Y, By) is a log variety 
with Kawamata log terminal singularities and uj ~q Ky + By. 

The techniques we use are due to Fujita [HllZl, Viehweg jHOJISI] and 
Kawamata [121 HZj. In fact, Theorem 13.31 can be deduced from [T7j . 
Theorem 1.1 in case the generic fibre has canonical singularities 
and B^ = Q (see Fujino, Mori jHIH], or Thus, we simply extend 
their methods to deal with the case of varieties with boundary. 
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1. Preliminary 

We use the same notation and terminology as in [2j. Since we use 
trancendental methods, the base field is assumed to be the field of 
complex numbers k = C However, the main results extend to the 
case when k is an algebraically closed field of characteristic zero, by 
Lefschetz's Principle. 

We collect below some results of Kawamata [IHIIIZI, Kollar [20] and 
Viehweg pUl IHT] , with minor modifications. 

1-A. Equivariant resolutions. Let X be a complex-analytic space 
which is countable at infinity, and let Z D Sing(X) be a closed complex 
subspace. By Hironaka [13 , there exists a proper morphism fi: X' 
X having the following properties: 

(1) X' is smooth and fi induces an isomorphism X' \ fi^^{Z) 
X\Z. 

(2) fi~^{Z) is a divisor with normal crossings support. 

(3) If U, V are open subsets of X and a: U ^ y is an isomor- 
phism such that a{Z\u) = Z\v, then there exists a unique 
isomorphism a' making the following diagram commutative: 



u — - — 

(4) Let V be the pseudo-group of all the local isomorphisms a 
as in (3). Then n is obtained as the composition of blowing- 
ups with closed smooth centers which are invariant under the 
natural liftings of V. 

We will say that /i is an equivariant resolution of X with respect to Z. 

Lemma 1.1. Let X be a normal variety, let R be a reduced Weil divisor 
(possibly zero) and let X S be a morphism. Let fi: X' ^ X be an 
equivariant resolution of X with respect to Sing(X) U R, and let E be 
a normal crossings divisor on X' such that R C ^^E. Then 

fi,Tx'/s{-E) = {fi,n],,/s{E)y C Tx/s. 

Proof. Since X is normal and fi is birational, we have inclusions 

fi,Tx'/s{-E) C C Tx/s. 

Fix a point a; G X and let a G H\U, {ij,n\^,^g{E)y) C H\U,Tx/s) 
be a vector field on an analytic neighborhood U of x. There exists (see 
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[Oj) a holomorphic one-parameter family $: {s G C; |s| < e} x t/' — >■ [/ 
satisfying the following properties: 

(a) $(s2, x)) = ^{si + S2,x) for |s2|, \si + S2I < e. 

(b) $(0,x) = X for X e U'. 

(c) a,(d/) = A/($(s,x))|,=o for X G f/' and / G Ox,x. 

The local isomorphisms $s preserve the singular locus of X. They 
also preserve i? on a big open subset of X, since fi is birational and 
R C fi^E. Therefore each $5 preserves Sing(X) U i?, so $ lifts to 
a one-parameter family in an analytic neighborhood of 7r~^(x). The 
corresponding vector field a is tangent to the exceptional locus of /i 
and to the components of E. Then d is a section of Tx' /s{~E) which 
lifts a, hence a G fi^Tx'/s{—E). □ 

Lemma 1.2. Let fi: Y ^ X be a birational morphism, let B be a sheaf 
on X and let A be a torsion free sheaf on Y . Then we have an exact 
sequence 

Ext^(5,/i,A) Ext^(/i*5, A) Homx(5,i?V*^)- 

Proof. If we set Hom^(i?,A) = Homy(/i*i?, A) = B.omx{B, fi^A), we 
have two spectral sequences (Ran 

Ef'^ = Ext^(5, =^ Ext^+^(5, A) 

'El^" = Ext^(Lg/i*5, A) =^ ExtP-^^B, A) 

The 5-term exact sequence of edge homomorphisms of the first spectral 
sequence is (denote = Ext^(-B,y4)) 

Ext^(5,/i,A) ^ ^ Homx(5,i?V*^) Ext^(S, /i.A) ^ 

Since fi is birational, Lifi*B is a torsion sheaf on Y. Since A is torsion 
free, we obtain '-E^'^ = Homy (Li/i*i?, A) = 0. Therefore the second 
spectral sequence induces an isomorphism Exty (/i*i?, □ 

1-B. The covering trick. Let f:X — ^ 5 be a smooth projective 
morphism of nonsingular varieties, and let T be a Q-divisor on X such 
that T ~Q and such that the fractional part of T has normal crossings 
support relative to /. Let (p he a rational function on X such that 
{(f) + mT = (and m is minimal with this property). Let tt: X X 
be the normalization of X in k{X){ '^), and let z/: — > X be an 
equivariant resolution with respect to the singular locus of X. We 
assume that the morphism h: V S is a. smooth and R'^h^'Zy has a 
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global section inducing a polarization on each fiber of h. 

TT ~ V ^ ^ 




f 

s 

We have an eigensheaf decomposition 

m—l 
i=0 

In particular, we obtain locally free sheaves on S 

^» :=fM.\Kx/s + tT]). 

The variation of polarized Hodge structure {R'^h^.'Cv)prim®Os induces 
semipositive Hermitian metrics on each Let 

ai:Ts,s ^ Hom(//0(X„^W),Ext^^(n^j£;,),^«)) 

be the map induced by cup product with the Kodaira-Spencer class 

: ^ Ext^Jl^^jE,), OxJ, 
where E is the support of the fractional part of T. 

Proposition 1.3. The following properties hold: 

(1) viewed as a subbundle of the flat vector bundle {R'^h^'Cv)prim® 
Os, the second fundamental forms of JF^*) and h^uy/s 
represented by a* and ©"Ao^o"*, respectively. 

(2) the Hermitian vector bundle ^"^'^ is Griffiths semipositive def- 
inite, with curvature 

where ((T*)*(f) is the adjoint of a\v) with respect to the in- 
duced Hodge metrics. The curvature trace(0j) o/det(jF(*)) 
is semipositive, and Ker(cr*) C Ts^s consists of the tangent 
directions along which trace (0j) is not positive definite at s. 

(3) the maps ay^, , ©^q^ct* andKy,, Hj^^, Kg have the same ker- 
nel, respectively. 

(4) assume S G S is a nonsingular compactification of S such 
that S\S is a simple normal crossings divisor and R^h^Cy 
has unipotent local monodromies along S\S. Let ^^'^ be the 
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Schmid extension o/jF^*). Then det{J-'^^^) is a nef invertible 
sheaf on S, and 

Js 27r 

Proof. (1) We may shrink S, so that Vg — is a resolution of sin- 
gularities for every s G S". We have an inclusion of Hodge structures 
H'^iXs, C) C H'^iVs, C) and = since X, has rational 

singularities (see PH])- Therefore we have a commutative diagram 

Ts,s -i/i(K,TvJ -Hom(ff^'0(K),i^'^-^'^(K)) 

Ts,s H\X„ T^J }iom{H'^'%X,),H''-''\X,)) 

where the middle row is the tangent map of the blow-down transfor- 
mation of deformation functors (|IZI)- If we identify (|31J) 

H\X,,TxA-Es)) = H\Xs,Tj^f, 
we also have a commutative diagram: 

Ts,s ^H\X,,Tj^J 

Ts,s^H\Xs,TxA-Es)) 

Therefore the cup product with the Kodaira-Spencer class preserves 
the eigenspaces, so that the infinitesimal period map 

av^ : Ts,s ^ Hom(i7'^'°(K), H^-^'AVs)) 

admits the decomposition ay^ = (B^^cl- This is the same as the action 
of the Gauss-Manin connection on {R'^h^,Cv)prim ® Os, hence a* is the 
second fundamental form of JF^*) in {R'^h^'Cv)prim ® Os- 
(3) Consider the infinitesimal period maps 

av^ : Ts,s - Hom(iJ'^'°(K), if^-^'^(K)) 
a^^ : Ts,s ^ Hom(i7'^'0(X,), H^-^^\Xs)) 
al: Ts,s Hom(iJ°(X„^«),Ext^Jfi^^(E.),^«)) 
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and the Kodaira-Spencer deformation classes 

Kv,:Ts,s^H\Vs,TvJ 

Ks:Ts,s^H\Xs,TxA-Es)) 

The proof of (1) gives that avs, (^x^, (B'^^o'l and k^^^, Kg have the same 
kernel, respectively. Since u is equivariant, and Kx have the same 
kernel by [TJj, Lemma 6.2. 

(4) This follows from and dH. □ 

2. The period map 

Throughout this section, we fix the following setup: 

• {X, B) is a log variety with Kawamata log terminal singular- 
ities, such that K + B ~q 0. 

• f : X S is a projective contraction to a nonsingular alge- 
braic variety S. 

• /i: F — >• X is a resolution of singularities, Ky + By = fi*{K + 
B) is the log puUback, and E is the support of the fractional 
part of By- We assume that E has simple normal crossings 
support and ii^:Ty{—E) is a reflexive sheaf (such a resolution 
exists by Lemma fl.l|) . 

• the family (F, E) S has relative simple normal crossings 
over an open subset of S. Let k^: Ts^s ^ H^{Ys,TyA—Es)) 
be the induced Kodaira-Spencer class. 

We are only interested in the induced log variety (X^, Bn) defined 
over k{S). Hence, we will shrink 5* to a Zariski open subset without 
further notice. 

Proposition 2.1. Let b be the minimal positive integer such that b{K+ 
i?) ~ over the general point of S , and choose a rational function if 
with b{K + B) = (ip). Let tt: Y ^ Y be the normalization of Y in 
k{Y){,^) , and let u: V ^ Y be an equivariant resolution: 

{Y,By)^ V 

/ 

s 
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Let be the induced Kodaira- Spencer class ofV^S, and let 
av, : Ts,s ^ Hom(i7'^'°(K), //'^-^'^(V;)) 

be the maps induced by cup product with ny^ and Kg, respectively, where 
d = dim(X/S'). The projective contraction h is smooth over an open 
subset of S. Let $ be the period map associated to the variation of 
polarized Hodge structure {R^h^Cv)prim ® 

Then the maps k^, a], Ky^, oy^ have the same kernel for general s E S, 
equal to T$-i($(^))^^ C Ts,s- 

Proof. (1) Since {Xg, -BxJ is a log variety with Kawamata log terminal 
singularities for general s, we have an isomorphism 

In particular, the inclusion Oy^ — > Oy^{\—By^]) induces an isomor- 
phism of global sections and identifies al with the composition 

Ts,s ^ Ext^jn^^(E,),OyJ A Exey^{nl.^{Eg),OYM-BY^)). 

(2) Ker(A) C Ker(Ext^^(fii^^(E,), OyJ ^ Ext^^(/i,,fii^^(E,), O^J). 
Indeed, (9y^([— -ByJ) is /is^-acyclic by Kawamata- Viehweg vanishing. 
Since Xs has rational singularities, Oy^ is /is^-acyclic as well. The nat- 
ural homomorphism fi*fis^.^Y^{Es) ^Y^i^'^) i^iduces a commutative 
diagram 

Ext^^ (nl^^ {Eg),OyJ Extl.^ in].^{Eg), Oy^ ( \-By^] ) ) 

Ext^^(/X>,,Oi.Ji?,), OyJ Ext^^(/i:/i,,fii.Ji?,), Oy,(r-5yJ)) 

Exfl,^ {Eg), Ox, ) Ext^^ ifis^Q'y^ {Eg) , flg^Oy^ ( [-i?yj ) ) 

The bottom vertical arrows are isomorphisms by Lemma IT!^ and the 
bottom horizontal arrow is an isomorphism by Ox, = f^s^^Oy^d—By^]). 
This implies the claim. 

(3) Ker(Ks) = Ker((T^) C Ker(KxJ (the inclusion is an equality if 
E is exceptional). Indeed, the inclusion Ker(Ks) C Ker((T]) is clear. 
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Conversely, consider a tangent vector t G Ker((T]), inducing a first- 
order infinitesimal deformation of {Ys,Es): 



X 



Spec k[e] ^ S 

The class /ts(t) is represented by the short exact sequence 

O^Oy^^ ^V^{Es) ® On ^ ^n(^s) ^ 0. 
By (2), the short exact sequence 

admits a splitting u G Hom^^ (/is* (^s) (8>OyJ, C^xJ- It is enough to 
lift u to Yg. We may assume (cf. ^Tj, Lemma 6.1) that the horizontal 
arrows are injective and the vertical arrow is surjective in the diagram 
below 



xj Homo^^ {fi.nl. {E) ® Ox,, Ox J 



nomoAf^,n'Y{E),Ox] 



Fix a point x G Xg. Then u lifts to a local section u of {^^,Qy{E)Y near 
X. Since ij,.Ty{—E) is reflexive, we have iJi.TY{—E) = 
Therefore m lifts to a section of Ty{—E) in a neighborhood of 
In particular, u lifts to a local splitting of K,s{t) in a neighborhood of 
Local liftings of u are unique, hence they glue to a global 
splitting of Kgit). Therefore t G Ker(Ks). 

The inclusion KeT{Ks) C Ker(KxJ follows from the commutative 
diagram 











O 



IIsMy {E,)®Oy, 



fis.n\^{Es) -0 



O 



Xs 



®o 



"x. 



Xs 







(4) The natural inclusion Ker(Ks) C Ker(©^^Qcrg) C Ker(a]) and 
Proposition II .3^ 3) imply that the maps k^, Ky^ , /ty^, a^, (Ty^, ay^ have 
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the same kernel, for general s G S*. The inclusions 

Ker(KvJ C Ker(rf$,) C Ker(cryJ, 

imply that the common kernel is the tangent space at s of the fiber 
<l>-i(<l>(s)) of $. □ 

Theorem 2.2. There exist dominant morphisms t : S S and g: S ^ 

S', with r generically finite and S,S' nonsingular, and there exist a 
log variety {X\B^-) with Kx'- + B- ~q and a projective contraction 
/■: X' ^ S- 



{X,B) 

f 



{X\B'-] 



— s — 

satisfying the following properties: 

(1) there exists an open dense subset U C S and an isomorphism 



{X,B) XsS\ 




{X\B'-)xs'. S\ 



u 



(2) Kg<. is injective for general points s' E S'. 

Proof. We may assume that h: V ^ S is a. smooth projective mor- 
phism. Let S* C S" be a nonsingular compactification with simple nor- 
mal crossing boundary. By [TT], the period map $ of the variation 
of polarized Hodge structure {R'^h^Cv)prim <S> Os extends to a proper 
analytic morphism defined on an open subvariety of S. By jTHj, $ is 
bimeromorphic with a rational map 

S ^ S- 



and we may further shrink S so that $ is regular everywhere on S. 
After we replace S by an etale open set, the following properties hold: 

(a) (Y, E) ^ S is a. smooth relative pair and fig^Oy^ = Ox^ for 
every s E S. 

(b) ExtyJfi^jE,),OyJ and Ext^^ (il^f, , C'x J have constant di- 
mension for s G S". 

(c) Ker(Ks) = T$-i($(s)) for every s G 5. 

(d) $ : S* ^ S'' has a section i: S' ^ S. 
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By base change via the section i, we induce a family on S' 



{X,B) 



According to Proposition 12.11 and its proof, the famihes (Y, E) ^ S 
and X — > are first-order infinitesimally trivial when restricted to 
the fibers of The same holds for the map Y X over 5, by (a) 
(see 1211). By dU] and dH, the family 

{Y,E)^X^S 

is locally trivial when restricted to the fibers of $. Consider the sub- 
functor of 

Isom5(X,X' xcj, S) X Isom5((r,^),(r',^') x^, S), 

making the obvious diagrams commutative. This subfunctor is rep- 
resentable by a scheme I/S, and the map J — S" is surjective from 
the above considerations. After replacing S (and S"' accordingly) by 
an etale open subset, we may assume that I /S has a section. Conse- 
quently, we have global isomorphisms 



{Y\E'-)xs'.S 



X 



X' Xc! 5 



s 



S 



Since {X, B) is kit and B is effective, we have B = ^^E and B^' Xg\ S = 
[li' X 5! ls)^{E^' Xgt.S). Therefore X — ^ x^iS* is in fact an isomorphism 
of pairs over S 

{X,B)^{X\B'-)xs'.S. 
By (c), the Kodaira-Spencer class k^i is injective for s' E S'. □ 

3. LC-TRIVIAL FIBRATIONS 

Recall (|2|) that an Ic-trivial fibration f : {X,B) Y consists of a 
contraction / : X — F of proper normal varieties and a log pair (X, B), 
subject to the following conditions: 
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(1) (X, B) has Kawamata log terminal singularities over the generic 
point of Y, 

(2) mnkf,Oxi\A{X,B)]) = l, 

(3) there exist a positive integer r, a rational function (f G k{X)^ 
and a Q-Cartier divisor DonY such that 

+ 5 + = 
r 

The Ic-trivial fibration / : {X, B) —>■ Y induced Q-b-divisors B and 
M of Y, called the discriminant and moduli Q-b-divisor respectively. 
By j2], Theorem 0.2, the moduli Q-b-divisor is b-nef. This means that 
there exists a proper birational model Y' of Y such that M = My/ and 
My/ is a nef Q-Cartier divisor. 

Proposition 3.1. Let /: {X,B) —>■ Y be an Ic-trivial fibration. Let 
q:Y'^Y be a surjective morphism from a proper normal variety Y' , 
and let /': {X'^Bx') Y' be an Ic-trivial fibration induced by base 
change 



(X, B) ^ {X', B 



X' 



f 



f 

— Y' 

Let M and M' be the corresponding moduli Q-b-divisors. Then 

g*M = M'. 

Proof. (1) To define the induced Ic-trivial fibration, we may assume 
that X' is the normalization of the main component of X Xy Y'. Also, 
we may assume that X is nonsingular. Then there exists a canonical 
divisor Kx' on X' such that A = Kx' — QxK is an /'-vertical Weil 
divisor. Define Bx' = Q*xB — A, so that 

Kx' + Bx' + -{q*xv) = r{Q*D). 
r 

The moduli Q-b-divisor M' of the Ic-trivial fibration {X', Bx') is inde- 
pendent of the above choice of Kx', by [2], Remark 3.3. 

(2) ^*M = M' if Q is generically finite. This is clear if g is birational. 
If ^ is a finite morphism, ^*M = M' by Ij, Theorem 3.2 and l2j. 
Remark 3.3. 

(3) The general case follows from (1) and the compatibility with base 
change of the canonical extension of a variation of Hodge structure with 
unipotent local monodromies at infinity (same argument as in the proof 
of 0, Theorem 2.7). □ 
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Definition 3.2. A Q-b-divisor M of F is called b-nef and good if tlicrc 
exists a proper birational model Y' oiY, endowed with a proper con- 
traction /i : y — > Z, such that 



(1) My ~. 

(2) M = M^. 



h*H, for some nef and big Q-divisor H of Z. 



Theorem 3.3. Let f : {X,B) ^ Y be an Ic-trivial fibration such that 
the geometric generic fiber Xjj = X Xy Spec(A;(F)) is a projective va- 
riety and Bjj is effective. Then there exists a diagram 



{X,B) 

f 

Y^ 



Y 



{X\B'-) 



satisfying the following properties: 

• f': — » Y' is an Ic-trivial fibration. 

• T is generically finite and surjective and g is surjective. 

• there exists a nonempty open subset U G Y and an isomor- 
phism 



{X, B) Xy Y\u {X\ B') Xy, Y\u 

^^^^^^ u"^^^ 



• Let M, M' be the corresponding moduli Q-b-divisors. Then 

M- IS b-nef and big and t*M = ^*(M'). 

In particular, the moduli Q-b-divisor M is b-nef and good. 

Proof. Note that the restriction of / : {X, B) ^ Y to an appropriate 
open subset of Y satisfies the assumptions of Section 2. 

(1) Assume that Kg is injective for sufficiently general points s &Y. 
Then M is b-nef and big. 

Indeed, let : X' — > X be an equivariant resolution of X with respect 
to Sing(X) U Supp(i?). Let X' — > X' be the normalization of X' in 
k{X'){.^) and let V ^ X' he an equivariant resolution with respect to 
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the singular locus of X', and let f : X' Y he the induced morphism: 

X' X> V 




After a generically finite base change of y, we may assume that M 
descends to Y and V/Y is birational to V /Y which has simple normal 
crossings degeneration and is semi-stable in codimension one. Under 
these assumptions, we infer by j2], Lemma 5.2 that My is a nef Cartier 
divisor and (!?y(My) is isomorphic to the Schmid extension 

^^'^ = f:Ox'i\-Bx' + f'*By + TMy]). 

By Proposition 12.11 cr^ and Kg have the same kernel, hence cr] is in- 
jective. By Proposition 11.31 the invertible sheaf ^^^^ has positive self- 
intersection. Therefore My is a nef and big Cartier divisor, hence 
M = My is b-nef and big. 

(2) We may assume that the base space Y is nonsingular. By Theo- 
rem |2I21 there exists a diagram 



{X,B) 
f 
Y 



{X\B'- 



Y 

satisfying the following properties: 

(a) r is generically finite and surjective and q is surjective. 

(b) f: [X\B^') is an Ic-trivial fibration. 

(c) there exists a nonempty open subset U dY and an isomor- 
phism 



(X,5) XyF 




{X\B') Xy,F| 



The moduli Q-b-divisor M' is b-nef and big, by (1). Let J : X ^ Y 
be a contraction which is birationally induced by both / and f \ and 
let {X/Y,Bx) and {X/Y,B^-^) be the Ic-trivial fibrations induced by 
base change. From (c), there exists a Q-Cartier divisor L on F such 
that B-^ = Bx + f*L. Therefore the Ic-trivial fibrations {X/Y,Bx) 
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and have the same moduh Q-b-divisor ([2j, Remark 3.3). 

We conclude by Proposition O that r*(M) = ^*(M'). □ 

Proposition 3.4. Let f : X Y be a morphism of projective mani- 
folds, and let Sy cY be a simple normal crossings divisor such that 

(i) / is smooth over Y \ Sy. 

(ii) / is semi-stable over codimension one points ofY. 

Let C C f*ujx/Y be a direct summand invertible sheaf such that £ = 0. 
Then C®''' ~ Ox for some positive integer r. 

Proof. Consider the variation of polarized Hodge structure 

H = R'^fXxo^OYO, 

where Y^ = Y \ Ey and d = dim{X/Y). The sheaf 

C\yo G /*ct;x/y|yo = F'^H 

has an induced Hermitian metric h with semi-positive curvature form 
G. We claim that the curvature is trivial. Indeed, let v G Ty ., be a 
tangent vector at a point s G Y^. There exists a projective curve C gY 
such that Tc,s = Cw, and let z/: C"^ — > C be its normalization. Since 
the local monodromies of H at infinity are unipotent by assumption, 
we infer by Kawamata PS] that 



deg{C\c) = ^ / u*Q. 

Since C is numerically trivial, we have i^*6 = 0. Since u is an isomor- 
phism near s, we conclude that v lies is a null direction of B. 

Therefore is trivial, i.e., £|yo C is a local subsystem. By 
Deligne, there exists a positive integer r such that (£|yo)'^'' is a triv- 
ial local system. By Kawamata, /*ct;x/y is the canonical extension of 
/*ti;x/y|yo- The same property holds for its direct summand C Since 
the local monodromies are unipotent, the canonical extension com- 
mutes with tensor products. Therefore C®^ ~ Ox- D 

Theorem 3.5. Let f : {X,B) Y be an Ic-trivial fibration. // M is 
b-numerically trivial, then M 0. 

Proof. This is similar to the proof of [2], Theorem 0.1. After a finite 
base change P], Lemma 5.1, we may assume that the induced root fiber 
space h: V Y is semi-stable in codimension one and M descends to 
Y. By construction, the invertible sheaf Oy(My) C h^^uy/Y is a direct 
summand, and My = 0. 

We conclude by Proposition 13.41 that My is torsion. Therefore M is 
torsion. □ 
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4. Applications 

Theorem 4.1. Let {X,B) be a projective log variety with Kawamata 
log terminal singularities, let f : X ^ Y be a contraction to a proper 
normal variety Y and let uj be a Q-Cartier divisor on Y such that 

Then there exists a Q-Weil divisor By such that (Y, By) is a log variety 
with Kawamata log terminal singularities and uo ~q Ky + By. 

Proof. We may write K + B + -(v^) = f*oj, where r is a positive integer 
and <y9 is a rational function on X. Thus, / : (X, B) ^Y is an Ic-trivial 
fibration. Denote by B and M the induced different and moduh Q-b- 
divisors. The assumptions of Theorem 13 . 31 are satisfied, so we may find 
a high resolution a: Y' ^ Y such that M = My/ and 

My/ ~Q h*A, 

where h: Y' —>■ Z is a. contraction to a normal projective variety Z 
and A is a nef and big divisor on Z. Consider the Ic-trivial fibration 
induced by base change with a: 

{X,B)^{X',Bx') 
f 

Y^ Y' 

Then a*uj = Ky + By/ + My/. Since M descends to Y', Inversion 
of Adjunction holds for /' ((2^, Theorem 3.1). Therefore (y,By/) is 
a log pair with Kawamata log terminal singularities. We may find an 
effective Q-divisor E on Y' such that My/ ~q E and (Y', By/ + E) 
has Kawamata log terminal singularities. If we set By = cr*(By/ + E), 
then 

Cr*{Ky + By) = Kyi + By/ + E ~ a* UO , 

and (y. By) is a log pair with Kawamata log terminal singularities. 
Since B is effective. By = a^By/ is effective. Therefore By is effective, 
i.e., (y. By) is a log variety. □ 

Theorem 4.2. Let (A, B) be a projective log variety with Kawamata 
log terminal singularities such that K + B = 0. Then K + B ~q 0. 

Proof. The variety A has rational singularities since (A, B) has Kawa- 
mata log terminal singularities. Therefore the Albanese map of A is a 
morphism ([17J). 

We use induction on dim(A). If q{X) = 0, the numerically trivial 
divisor K+B is certainly a torsion divisor. Assume now that q{X) > 0. 
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Let f : X ^ Y he the Stein factorization of the Albanese map of X. 
The geometric generic fibre {Xfj, Bfj) satisfies the same properties as 
{X, B) and dimXj, < dimX. Therefore Kx^ + -Br? ~q 0, by induction. 
In particular, K + B is numerically trivial and Q-linearly equivalent to 
an /-vertical divisor. 

Therefore we may choose a sufficiently high resolution ix: Y' Y 
and a diagram induced by base change 

(X,5)^(X',i?x') 
/ /' 
Y ^ Y' 

such that /': (X', Bx') — ^ Y' is an Ic-trivial fibration and every prime 
divisor on X' is exceptional on X if it is exceptional on Y' . We have 

v\K + B) + f\By,) = f'*{KY, + B+ + My,), 

where By/ = By, — By, is the decomposition of the discriminant on 
Y' into positive and negative components. The effective Q-divisor 
/'*(By,) is exceptional on X, since it is supported by the negative 
part of Bx' and by /'-exceptional divisors. 

By |29|, Theorem 10.3, k{Y',Ky') > 0. Since M is b-nef and good, 
we also have k{Y',My') > 0. Therefore k,{X,K + B) > 0, hence 
K + B r^qO. □ 

Theorem 4.3. Let {X, B) he a projective log variety with Kawamata 
log terminal singularities, such that the log canonical class K + B is 
nef, of nef dimension n. Assume that the Log Minimal Model Program 
and the Log Abundance Conjecture are valid in dimension n. 

Then the linear system \k{K + is base point free for large and 
divisible integers k. 

Proof. The argument of 13|, Theorem 5.1 is still valid, provided we 
replace the references ^Tj, Theorem 8.2 and 0, Theorem 4.5 with 
Theorem 14.21 and Theorem 13.31 respectively. □ 

For the rest of this section, we generalize some results of Viehweg j^O] 
and Kawamata ^Tj on Ueno's Conjecture K [221 • 

Proposition 4.4. Let /: {X,B) —>■ Y be an Ic-trivial fibration of nor- 
mal projective varieties such that there exists an isomorphism 

$: {X,B)\u^{F,Bf) X U overU, 

where U G X is a non-empty open subset. Let 

Y' = Y\ {Sing(F) U Supp(By) U /(Supp(E!:)}, 
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where B'"_ is the negative and vertical part of B. Then $ extends to an 
isomorphism $: {X, B)\yo^{F, Bp) x over 

Proof. (1) Let E he a. prime divisor on X such that codimx {f{E)) > 2. 
Then f{E) n F° = 0. 

Indeed, M ~q by (ii). In particular, M descends to Y, i.e.. Inver- 
sion of Adjunction (|2], Theorem 3.1) holds for /. If B is negative at 
E, then f{E)r\Y^ = 0. Otherwise, the log discrepancy of (X, B) at the 
generic point of is 1 — mult£;(i?) < 1. By Inversion of Adjunction, 
the minimal log discrepancy of (F, By) at the generic point of f{E) 
is at most one. Since B is effective. By is effective. Since f{E) is a 
subvariety of codimension at least two, it must be contained either in 
the singular locus of Y, or in the support of By. 

(2) The rational map X|yo --^ F x Y^, and its inverse, are iso- 
morphisms in codimension one. Moreover, i?|yo is a horizontal divisor. 

By assumption, $ is an isomorphism above the generic point of Y^. 
By (1), a prime divisor on X|yo is vertical over Y^ if and only if it maps 
onto a prime divisor of Y^. Therefore we may assume that F is a curve 
and it suffices to show that $ induces a birational map Xp ---^ F x P 
for every point P eY \ Supp(By). 

We have A(X, B + f*P) = A{F x Y, Bp x Y + F x By + F x P). 
The log variety 

{F X Y, Bp X Y + F X P) = {F, Bp) x (Y, P) 

has log canonical singularities near F x P, with F x P the unique Ic 
place over P. Since By = near P, {X, B + f*P) has log canonical 
singularities near Xp, with F x P the unique Ic place over P. Since B 
is effective at the components of Xp, this implies that Xp is a reduced 
prime divisor and $ induces a birational map Xp --■> Fx P. Moreover, 
B has multiplicity zero at Xp. 

(3) We have an induced isomorphism $ : Vi^V2, where Vi, V2 are big 
open subsets of X|yo and F xY^, respectively. Fix a point on Y^ with 
a local chart (A; ti, . . . , t„). The sections P* J- G x A, (p*l^y)'^) 
lift to vector fields 

aieH\FxA,Tp^Y)- 

The sheaves Tx, Tp^Y, (p*^y)^ and (/*ny)^ are reflexive, hence $ 
induces vector fields 

a',eH%X\^,Tx) 

which lift /*|- e H^{X\^, {f*nl.y). By P, these vector fields define 
one-parameter groups of automorphisms in a neighborhood of the fixed 
fibre, which in turn define a trivialization of / near the fixed fibre. By 
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construction, the one-parameter groups of ai and are compatible via 
$. Therefore $ is an isomorphism near the fixed fibre. 

As for the boundary, note that -B|yo is horizontal over Y^. Since $ 
preserves the boundaries over the generic point of Y^, the isomorphism 
$: X|yo^F X yo satisfies $(5) = 5^ X yo. □ 

Example 4.5. Let y be a surface with DuVal singularities. Then the 
minimal resolution / : X — F is an Ic trivial fibration with By = 
and M = 0. It is an isomorphism only outside the DuVal singularities. 

Proposition 4.6. Let (X, B) be a proper log variety with Kawamata 
log terminal singularities, such that + 5) > 0. Let Aut'^(X, B) 

he the connected component of the group scheme 

Aut(X, B) = {ae Aut(X); a,{B) = B} 

Then Aut°(X,5) is an Abelian variety. 

Proof. It is known that Aut°(X) is an algebraic group [121 EI], so its 
closed subgroup Aut°(X, i?) is an algebraic group. Assume by con- 
tradiction that Aut''(X, i?) contains a linear algebraic group. Then 
Aut'^(X, B) contains a connected one dimensional linear group G = Gm 
or Ga (EH]). 

The closed subset Sing(X) U Supp(i?) is G-invariant. By The- 
orem 10, there exists a G-invariant open subset f/ C X \ (Sing(X) U 
Supp(-B)) and a G- invariant isomorphism 

U^G X V, 

where G acts on G x ^ only on the first factor, by translations. In 
particular, V is non-singular. Choose a compactification V C Y such 
that Y\V is a simple normal crossings divisor. By Hironaka's resolution 
of singularities, there exists a diagram 




X pi X F 

such that / is an isomorphism over U, g is an isomorphism over G xV, 
X' is proper and nonsingular and 

f-\X \ U) = g-\¥' xY\GxV) = J2Ei 

is a simple normal crossings divisor on X'. Let f*{K + B) = K + By, 
and let By be the positive part of By. We have [-ByJ = 0, since (X, B) 
has Kawamata log terminal singularities. Since B is effective, we have 

k{X', Kx> + B+) = k{X, K + B)>0. 
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In particular, ^(pi x Y,g^{B^.)) > 0. But 

(Pi X Y,g.iB^)) = (P\5pi) X {Y,By), 

where -Bpi and By are boundaries supported by P^ \ G and Y \ V, re- 
spectively. In particular, k(P^, Xpi+_Bpi) > 0. Since Spi is a boundary, 
this implies that G = Gm and -Bpi is the reduced sum of two points. 
This contradicts [-ByJ =0. □ 

Theorem 4.7. Let /: {X,B) —>■ Y be an Ic-trivial fibration such that 
Xfj is projective, B is effective over a big open subset of Y , By = 
and M ~q 0. Then there exists a finite Galois covering t:Y'—^Y 
such that: 

(i) r is etale in codimension one. 
(iii) there exists a non-empty open subset U gY' and an isomor- 
phism {X, B) Xy Y'\u^{F, Bp) X Y'\u over U. 

Proof. (1) The fibers of / are reduced over a big open subset of Y . 
Indeed, we may assume that y is a curve. Let P G y be a point and 
let f*P = Y^i^iEi. We have 

, ,^ , l-muhi^.(5) 1 

1 = 1- multp(By) < min ^^^^ < — . 

i rrii rrii 

Therefore the fiber f*P is reduced. In particular, there exists a big open 
subset Y^ gY such that B is horizontal over Y^ and /: X|yo — > Y^ 
is smooth on a big open subset of X|yo. 

(2) Since M ~q 0, there exist by Theorem 13.31 a generically finite 
morphism t: W ^ Y from a nonsingular proper variety W and a 
nonempty open subset U GW such that (X, B) XyWlu and (F, Bp) x 
W\u are isomorphic over U. We may assume that the field extension 
k{W)/k{Y) is Galois and G = Ga\{k{W)/k(Y)) acts regularly on W. 
After possibly shrinking F", we may assume that := t~^{Y^) — > Y^ 
is a finite, fiat Galois covering. Let X' ^ X XyW he the normalization 
morphism: 

X^^X' 
f 

Y^—W 

We claim that X' X Xy 14^ is an isomorphism above W^. Indeed, 
restricted toY^, f is smooth on a big open subset and r' is finite, hence 
X X y 1^ I vi/o — i> is smooth on a big open subset of X XyW\wo- Since 
W is nonsingular, the singular locus of X Xy Pi^l^i/o has codimension at 
least two. Furthermore, X Xy Vr|pi/o is 5*2 since X Xy Vr|vi/o X|yo 
is finite and fiat, and X is ^2 (122], 21. B Theorem 50). 
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(3) By finite base change, /: (X, B) ^ Y induces an Ic-trivial fibra- 
tion g: {X',Bx') —>■ W, with discriminant Biy and moduh b-divisor 
M' ~Q r*M ~Q 0. Set B' := Bx' — g*(Bw)- From above, we obtain 

5(Supp(5')) n = and B'^ = 0. 

The Ic-trivial fibration g: {X',B') W satisfies the assumptions of 
Proposition 14.41 which gives an isomorphism over 

{X',Bx')\wo iF,BF) X 




The Galois group G = Gal(W^/Y^) acts regularly on and X'\wo = 
X\yo Xyo W^, and g is G- invariant. We have an induced action of G 
on [F, Bp) X so that $ is a G-invariant isomorphism. 

(4) Let H be the subgroup of G generated by the ramification groups 
I{P), for every prime divisor P of W^. Then 

cr' = idi? X (7 for (7 G if, 

where a' is the automorphism of {F, Bp) x induced by a. Indeed, 
a' o [idp X 0")"^ is an automorphism of [F, Bp) x over W^, inducing 
a morphism Sa'- —>■ Aut{F, Bp)- For a G I{P), we have Scr{P) = 
{idp}. Therefore s^- maps into the connected component of the 
identity Aut° (F, Bp). 

We have s„{w) ■ ip{x Xy a^^w) = ip{x Xy w), where $(x Xy w) = 
{ip{x Xy w),w). The sections s„ satisfy the identity 

Sariiw) = So-{w) o s^(cr^^iL'), for a,r] E H,w E W^. 

Therefore they define a 1-cocycle ^ = {sa}aeH £ H^{H, A{W^)), where 
A{W°) is the group of sections of Aut°(F, Bp) x over W^. The H- 
module Aut^{F, Bp) is commutative by Proposition 14. 6| hence ^ has 
finite order by [221 • After possibly changing the trivialization, is 
trivial for every a E H. 

(5) We have a base change diagram 

(X, 5)|yo (F, 5f) X W^' (F, 5^) X W^o 



where W = W^/H. The covering W is etale Galois and 

Gal(W/F°) acts on W and (F, x P^' without fixed points. 
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The normalization of Y in the field k{W') satisfies the required prop- 
erties. □ 

Theorem 4.8. Let {X, B) he a projective log variety with Kawamata 
log terminal singularities such that K + B ~(Q 0. Then 

(i) the Albanese map X —>■ Alb(X) is a surjective morphism, 
with connected fibers. 

(ii) there exist an etale morphism A' Alb(X), a projective log 
variety {F, Bp) and an isomorphism over A' 

{F,Bf)xA'^{X,B) x^,^x) A'. 

Proof, (i) Let X Y A = Alb(X) be the Stein factorization of 
ax- Since / is a contraction and K + B ~(q 0, /: {X,B) — > "K is an 
Ic-trivial fibration with 

Ky + By + My ~Q 0. 

Since vr is finite on its image, any resolution of Y has non-negative 
Kodaira dimension ([29,, Theorem 10.3). Therefore Ky is Q-linearly 
equivalent to an effective Q-Weil divisor. Moreover, By is effective 
since B is effective, and My is Q-linearly equivalent to an effective 
Q-Weil divisor since /t(M) > 0. Therefore Ky ~(Q 0, By = and 
My ~Q 0. The latter implies M ~(q 0, since M is b-nef and good. 

By Inversion of Ajunction, Y has Kawamata log terminal singular- 
ities and Ky ~q 0. The index one cover Y ^ Y has canonical sin- 
gularities and Ky ~ 0. Therefore Y, hence Y, map onto A by 29], 
Theorem 10.3. The finite map vr: F — > A is etale in codimension one 
since < R = Ky — t*{Ka) ~q 0. Since A is nonsingular, vr is etale 
everywhere. In particular, Y is an Abelian variety. Therefore vr is an 
isomorphism, by the universality of the Albanese map. 

(ii) We have an Ic-trivial fibration ax '■ {X, B) A with B^ = and 
M ~Q 0. By Theorem 14.71 there exists a finite morphism t: A' —>■ A, 
etale in codimension one, from a normal variety A' such that {X, B) xa 
A' is isomorphic to [F, Bp) x A' over the generic point of A' . Since A is 
nonsingular, r is etale everywhere. Since B^ = and A' is nonsingular, 
we get an isomorphism (X, B)xaA' {F, Bp) x A' by Proposition ^31 

□ 
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